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Dispersion equations are evaluated for field-aligned cyclotron waves in axisymmetric tokamak plasmas with circular 
magnetic surfaces. Bi-Maxwellian distribution function is used to model the energetic particles (ions or electrons) with 
anisotropic temperature. The growth/damping rate of cyclotron waves in tokamaks is defined by the contributions of the 
resonant trapped and untrapped particles to the imaginary part of the transverse susceptibility elements.  
PACS: 52.35.Qz, 52.50.Qt, 52.55.Fa 
 
1.  INTRODUCTION  
As is well known, the temperature anisotropy 
generated by cyclotron resonance heating of magnetized 
plasmas can be a reason of cyclotron wave instabilities in 
considered plasma devises. Recently [1], an anisotropic 
ion temperature was measured during high power HHFW 
heating in helium plasmas on the National Spherical 
Torus Experiment, with the transverse ion temperature 
roughly twice the parallel ion temperature. Moreover, the 
measured spectral distribution suggested that two 
populations of cold and hot ions are present in the plasma. 
In the paper [2], it was shown that wave plasma 
interactions play an important role in tokamak dynamics. 
In particular, the fast ions from neutral beam injection can 
excite compressional and global Alfven eigenmodes with 
frequencies near the fundamental ion cyclotron frequency, 
and “slow waves” appear to propagate along the 
equilibrium magnetic field. However, two-dimensional 
(2D) kinetic wave theory in tokamaks should be based on 
the solution of Maxwell's equations using the correct 
‘kinetic’ dielectric tensor. In this paper we evaluate the 
dispersion equations for field-aligned cyclotron waves in 
tokamaks with circular magnetic surfaces, having the 
high-energy particles with anisotropic temperature. The 
main contributions of the untrapped and trapped particles 
to the transverse dielectric tensor elements are derived by 
solving the linearized Vlasov equations for their perturbed 
distribution functions.  
 
2. REDUCED VLASOV EQUATION 
To describe a 2D axisymmetric tokamak with circular 
magnetic surfaces we use the quasi-toroidal coordinates 
),,( φθr  connected with cylindrical ones ),,( zφρ  as  
θρ cos0 rR += , θsinrz −= , φφ = , where  is the large  
torus radius, r is the small plasma radius, θ  is the poloidal 
angle, φ  is the toroidal  angle. In this case, the stationary 
magnetic field components, 
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     To evaluate the transverse susceptibility elements we 
should know the first ( ) harmonics of the perturbed 
distribution function,  
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Here F0 is the bi-Maxwellian distribution function of 
particles with density N0, mass M, charge e,  parallel and 
transverse temperatures  and . By ||T ⊥T bn iEEE ±=±1  
we describe the transverse electric field components with 
the left- and right-hand polarization, where En and Eb  are 
the normal and binormal perturbed E-field components 
relative to H0. By 1±=s  we distinguish the particles with 
positive and negative parallel velocity relatively H0. 
To simplify a problem, we solve Eqs. (1) using the set 
of coordinates, where the H0-field lines are ‘straight’, 
introducing the new poloidal angle as  
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Since our plasma model is a configuration with one 
minimum of H0, the plasma particles should be separated  
in the two populations of the trapped and untrapped 
particles: 
1) εμ −≤≤ 10 , πθπ ≤≤−  for untrapped particles, and 
2) εμε +≤≤− 11 , tt θθθ ≤≤−  for trapped particles,  
where         εμ
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2
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are the reflection points of trapped particles, by the zeros 
of parallel velocity: .  As a result, 0|| =v
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where the indexes u and t correspond to the untrapped and 
trapped particles, respectively.  
To describe the bounce-periodic motion of the  u- and 
t-particles along the H0-field line, it is convenient to 
introduce the new time-like variables  instead of θ : 
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After solving Eqs. (1), the 2D transverse (relative to 
H0) current density components, , can be found as 1±j
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3. DISPERSION EQUATIONS 
To evaluate the dielectric tensor elements we use the 
Fourier expansions of the 2D perturbed electric field and 
current density components: 
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Here  and  are the contribution of u- and t-
particles to the transverse susceptibility elements:  
',
,
mm
ulχ ',, mmtlχ
×−
+=
⊥T
T
vh
r
T
pmm
ul
||
||
5.2
2
',
, 1
14
εωπ
εωχ
θ
 
∑ ∫ ∫∞±
∞
∞−
⊥
−+++
⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −+
+−−
+× p lt
o
o Uullnqp
T
T
u
d1
0
||
2
2
2
22
3
)()(
1)1(1exp
)( κςξ
κκ
εκ
κκ
κκ ×  
duuAuAu mlp
m
lp ),(),(
'
,,
4 κκ× ,                     (2) 
×−
+=
⊥T
T
vh
r
T
pmm
tl
||
5.2
2
',
, 1
14
εωπ
εωχ
θ
 
∑ ∫ ∫∞±
∞
∞−
⊥
−
⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −+
+−−
+× p l
o
o Vpu
T
T
u
d1
0
||
2
2
22 )~(
1~1
11exp
)~1(
~~
κ
κκ
ε
κκ
κκ
duuBuBu mlp
m
lp )
~,()~,( ',,
4 κκ× ,    (3) 
where  
( )∫ ×−+Ψ=
2/
0
22
2
,, sin1
sin1),,(cos),(
π
ηκ
ηκηκκ omlpmlp uuA
⎪⎩
⎪⎨⎧ ++
+
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −−×
⊥ ηκ
ε
2
||
sin1
111
oT
T
 
ηηκκκω
εε
d
uvk
T
T
o
Tm
⎪⎭
⎪⎬
⎫
−
+
+
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −+
⊥
22
2
||||,|| sin1
)1(2
1 , 
( ) ,
sin1
sin1),,(cos),( 22
22/
0
,, ηηκ
ηκηκκ
π
duuA omlp
m
lp −
+Ψ= ∫
( ) ( )( ) ×−+Φ= ∫ ηκ ηκκηκκ
π
22
222/
0
,, sin~1
sin~1),~,(cos)~,( om lp
m
lp uuB
+⎪⎩
⎪⎨⎧ +
+
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −−×
⊥ ηκκ
ε
22
||
sin~1
111
oT
T
 
ηηκκκω
εε
d
uvk
T
T
o
Tm
⎪⎭
⎪⎬
⎫
+
+
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −+
⊥
cos~~1
)1(2
1
2
||||,|| ,   
+ ( ) ( )( ) ×−+−Φ− ∫ − ηκ ηκκηκ
π
22
222/
0
, sin~1
sin~1),~,(cos)1( om lp
p u  
+⎪⎩
⎪⎨⎧ +
+
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −−×
⊥ ηκκ
ε
22
||
sin~1
111
oT
T
        
                     ηηκκκω
εε
d
uvk
T
T
o
Tm
⎪⎭
⎪⎬
⎫
+
+
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −+
⊥
cos~~1
)1(2
1
2
||||,|| , 
( ) ( )( ) ηηκ ηκκηκκ
π
duuB om lp
m
lp 22
222/
0
,, sin~1
sin~1),~,(cos)~,( −
+Φ= ∫ , 
    ×+++=Ψ ςηξηκ llnqmu tmlp 2)(2),,(,
( )
⎟⎠
⎞⎜⎝
⎛Π
Π+++−⎟⎟⎠
⎞
⎜⎜⎝
⎛
−
+×
κκπ
κκηπςξηε
ε
,,
2
,,)(tg
1
1arctg
o
o
t llnqp
( ) ( )( )⎥⎦
⎤⎢⎣
⎡
Π
Π−+
+Ω+ κκπ
κκηκκηεε
κκ
θ ,,/
,,
)(,
)(
)(
|| o
o
T
oc KF
uvh
r
l
21
2 20 , 
60 
( )∑∞
=
+=
1
,
,,,
,
,,,
,
)(, ImImIm
p
mm
tpl
mm
upl
mm
l ααα χχχ , ∫ −= η ϕκϕκη 0 22 sin1/),( dF ,    ⎟⎠
⎞⎜⎝
⎛= κπκ ,)(
2
FK , 
+++=Φ )sin~arcsin()(2),~,(, ηκξηκ lnqmu tm lp  
61 
( )( )κκκπ κκκηπηκ ηκεες ~,~,2/2
~,~,
sin~1
sin~
1
1arctg2 2
2
22
o
opl Π
Π−⎟⎟⎠
⎞
⎜⎜⎝
⎛
−−
++ +
( ) ( )
⎥⎥
⎥⎥
⎦
⎤
⎢⎢
⎢⎢
⎣
⎡
⎟⎠
⎞⎜⎝
⎛Π
Π−+
+Ω+
κκκπ
κκκηκκηεε
κκ
θ ~,~,
2
~,~,
)~(~,
)1(
)~1(2
2
2
||
2
0
o
o
T
oc KF
uvh
r
l
( )[ ,)(,,2/)1(
)1(
)(2
)(
0
2
κκκπεω
εεπ
κκκ
θ
Kl
vh
r
U
co
T
o
l
Ω−Π+×
×+
+=
where  and  are the separate 
contributions of the bounce resonance terms to  
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In conclusion, let us summarized the main results of 
the paper. The dispersion equations are derived for waves 
in the frequency range of the fundamental ion-cyclotron  
(l=1) and electron-cyclotron (l=-1) resonances and  
suitable to analyze the excitation/dissipation of both the 
left-hand (ion-cyclotron) and right-hand (electron-
cyclotron) polarized waves. Contribution of u- and t- 
particles to the transverse susceptibility elements in 2D 
toroidal plasmas with anisotropic temperature  are 
expressed by summation of the bounce-resonant terms 
including the double integration in velocity space, 
resonant denominators, and corresponding phase 
coefficients. Due to 2D H0-field nonuniformity, the 
bounce resonance conditions for trapped and untrapped 
particles in tokamaks are different from ones in the 
straight magnetic field; the whole spectrum of electric 
field is present in the given current density harmonic; the 
left-hand and right-hand polarized waves are coupled in 
the general case. As in the uniform magnetic field case, 
the growth/damping rate of the cyclotron waves in the 2D 
tokamaks is defined by the contribution of the energetic 
trapped and untrapped particles to the imaginary part of 
the transverse susceptibility elements.  
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To have analogy with the linear theory of cyclotron 
waves in the straight magnetic field let us assume that the 
-harmonics of E-field gives the main contribution to 
. In this case, for the field-aligned cyclotron waves 
with given mode number m, we get the following 
dispersion equation from the Maxwell’s equations: 
)(mE 1±
)(mj 1±
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ДИСПЕРСИОННЫЕ УРАВНЕНИЯ ЦИКЛОТРОННЫХ ВОЛН ВДОЛЬ МАГНИТНОГО ПОЛЯ 
В ПЛАЗМЕ АКСИАЛЬНО-СИММEТРИЧНЫХ ТОКАМАКОВ С АНИЗОТРОПНОЙ ТЕМПЕРАТУРОЙ 
Н.И. Гришанов, Н.А. Азаренков 
Получены дисперсионные уравнения для циркулярно-поляризованных волн, распространяющихся вдоль 
магнитного поля в плазме аксиально-симметричного токамака круглого сечения. В качестве модельного 
распределения энергичных частиц по скоростям использована бимаксвелловская функция с анизотропной 
температурой. Показано, что инкремент/декремент циклотронных волн в аксиально-симметричных токамаках 
определяется вкладом резонансных пролетных и запертых частиц в мнимую часть поперечных компонент 
тензора диэлектрической восприимчивости.  
ДИСПЕРСІЙНІ РІВНЯННЯ ЦИКЛОТРОННИХ ХВИЛЬ ВЗДОВЖ МАГНІТНОГО ПОЛЯ В ПЛАЗМІ 
АКСІАЛЬНО-СИМЕТРИЧНИХ ТОКАМАКІВ З АНІЗОТРОПНОЮ ТЕМПЕРАТУРОЮ  
М.І. Гришанов, М.О. Азарєнков 
Отримано дисперсійні співвідношення для циркулярно-поляризованих хвиль, що поширюються вздовж 
магнітного поля в плазмі аксіально-симетричних токамаків з коловим перерізом магнітних поверхонь. У якості 
модельного розподілу енергійних частинок у просторі швидкостей використана бімаксвелівська функція з 
анізотропною температурою. Доведено, що інкремент/декремент циклотронних хвиль в аксіально-симетричних 
токамаках визначається внеском резонансних пролітних та захоплених частинок в уявну частину поперечних 
компонент тензора діелектричної сприйнятливості.  
